Let (R, R Us, s VR, S) be a Morita context with the trace ideals I in R and J in S, r a Gabriel topology containing I on R-Mod, and 7' the corresponding Gabriel topology containing J on S-Mod. Necessary and sufficient conditions on 7 and R U are given in order that the ring of quotients 3 of S with respect to 7' be semisimple artinian, simple artinian or a division ring respectively. Special cases include earlier works.
Introduction
It is well known that if two rings R and S are Morita equivalent, then many important ring-theoretical properties of one can be transferred to the other one, for example, being semisimple or simple (in this article, we always mean semisimple artinian or simple artinian respectively)
[ 1, Corollaries 21.9 and 2 1.121. There is also a lattice isomorphism between the Gabriel topologies on R-Mod and those on S-Mod, and the rings of quotients with respect to a pair of corresponding Gabriel topologies are also Morita equivalent [9, Proposition X.3.1 1. That means that R is semisimple (simple) if and only if S is.
More generally, Leu and Hutchinson [ 61, and KaSu [ 41 proved that for any context (R, R U,, SVR, S) with the trace ideals Z in R and J in S, there is a lattice isomorphism between the lattice G (R ) of all Gabriel topologies containing Z on R-Mod, and the lattice G(S) of all Gabriel topologies containing J on S-Mod.
(From now on, whenever we talk about r or r', unless otherwise specified, we always mean that T E G(R), r' E G(S) being the corresponding one, denoted by (r,r') E (G(R),G(S)), and that ^ is the quotient functor on R-Mod or S-Mod with respect to r and r'.) Also in [ 61, under the assumption that the context is nondegenerate, sufficient conditions on R, R U and r are given so that S be semisimple, simple and Morita equivalent to fi [ in addition, U is r-free, Leu gave a necessary and sufficient condition so that S is a division ring [ 5, Theorem 111. In this paper, we investigate an arbitrary Morita context, and give necessary and sufficient conditions in terms of U, R and r so that S be semisimple, simple or a division ring respectively. It is also shown that Leu and Hutchinson's work [6, Theorem 4.11 and Leu's work [ 5, Theorem 111 are special cases of our result. Hutchinson and Zelmanowitz's work could be also considered as a special case of our work although their result is more precise due to the stronger assumption on the context. In doing so we employ the corresponding necessary and sufficient conditions on an arbitrary Gabriel topology of a ring R so that the ring of quotients fi be semisimple, simple or a division ring from [lo] and introduce some "bridges" to transfer these conditions from one ring to the other in a Morita context.
Preliminaries
We now collect some necessary facts about Gabriel topologies and torsion theories. For more details, the reader is referred to [ 9, Chapters VI and IX] .
Throughout this paper, R and S are associative rings with identity, R-Mod and S-Mod denote respectively the categories of unital left R-and left Smodules. Modules, unless otherwise specified, are consistently left modules. both r-free and r-injective.
denotes the set of all r-saturated submodules. The following are the "bridges" between these results and our results. 
Let (5,~') E (G(R), G(S) ). Then: ( 1) Zf M is injective and z-free, then HomR (U, M) is injective and ?-free. (2) Zf N is injective and Y-free, then Horns ( V, N) is injective and T-free. (3) The functors HomR (U, -) and Horns (V, -) induce un equivalence between ,L and TV L. (4) There is a lattice isomorphism between Sat,(U) and Sat,! (S). q
Now we are able to show our main theorems.
Theorem 3.4. Let (T, 7') E (G (R ) , G(S) ). Then the following are equivalent:
( First of all we need the following lemmas. Proof. Let f3 be any left ideal of R, and a E 7(k). Then R/t3 is r-torsion. Since R is r-free, we have a is essential in R. However R has no proper essential left ideal since it is semisimple. This implies a = R. Now we apply Lemma 3.5. 0
Lemma 3.7. For any Gabriel topology 7 on R-Mod, and any r-free R-module M, d(M) = d (A8) = d (&f). Therefore, for any R-module M, d (ti) = d(.#) = d(M/T,(M)).
Proof. Let C(M) denote the set of all complement submodules, i.e. essential closed submodules, of M, and C'(Q) that of fi. 
E (G(R),G(S)), and F(T,(U)) = {s E S ) Us G T,(U)} = T,!(S), F-'(T,(S)) = {u E U 1 [V,u] g T,/(S)} = T,(U). Now if ri > 7, and T,;(S) = T,((S), then T,(U) = F-'(T,)(S)) = F-'(T,;(S)) = T,,(U).

Conversely if Yr > r', and Tr
( U) = T,, ( U ), then T,l (S) = F ( T, ( U) ) = F
(T,, (U)) = Tz; (S). This shows that T,!(S) = T5; (S) for any 7: 2 7' if and only if T,(U) = T,, (U)
for any ri > 7.
,,(U) = T,(U). 0
Combining Theorems 3.8 and 3.10, we obtain the following corollary:
Corollary 3.11. Let (7 
,~') E (G(R),G(S)), d(U/T,(U))
< 00, and R be semisimple, Then the following are equivalent:
(1) rZ is simple. 
Let (7,~') E (G(R),G(S)). Then S is a division ring if and only if U is z-simple.
Proof. Combine our Theorem 3.3 (4) and [ 10, Theorem 5.5 1. q This is a significant improvement of [ 5, Theorem 111 , in which it is shown that if the context is derived and nondegenerate, U is r-free, then S is a division ring if and only if U is a support of 7 on R-Mod, i.e., for any 0 # U' C U, U' E 7 ( U), which is equivalent to that U is r-simple and r-free.
In [3, Theorem 51, Hutchinson and Zelmanowitz showed the equivalence of ( 1) and (2) We also point out that A is the maximal left quotient ring of R while S is not the maximal left quotient ring of S.
